
Overview of Gaussian Process Regression
Aim: Model an unknown function,    (e.g. y can be CL and x can be 
α) over an interval.
We have access to noisy evaluations of this function: 
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On the left, the uniform 
distribution is used for 
–  = sin(x) * cos(x) + x       (blue curve)

GPR mean prediction (red curve)

Both mean and variance information, GP mean deviates 
from true value outside training interval.

Sergey Voronin, 2022



Role of Covariance Function
The regularized covariance measures 
similarity between data points:              
(x: training data point,x’: test data point)

Kernels:GaussianExponentialMaternCustom
Choice depends 
on data distribution.
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GP Kernel Candidates
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[A] Murray-Smith, Roderick, and Agathe Girard. "Gaussian Process priors with ARMA 
noise models." In Irish Signals and Systems Conference, Maynooth, pp. 147-152. 2001.

Results differ with different kernels on synthetic example:

In case of non-Gaussian noise, can take sum kernel , containing samples of assumed 
underlying noise distribution [A].

HOW DO WE CHOOSE THE OPTIMAL KERNEL AND ITS PARAMETERS (a,b,c,d)?



Comparison Metrics for Kernels
Metrics to compare kernel performance 
on a given training and test data set

– Sum of error in the range of training set 
values:

(||||)

– Sum of variance in the range of training 
set values:

()

– Log-likelihood function (standard choice)

With and , the noisy training data. 
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Metrics 1 and 2 are plotted to 
show how they increase 

outside the range of training 
data supplied – as desired



Setting parameters
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Set up function,  train/test values, and noise settings.



Optimizing the kernel
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Subdivide the training set into 
several train / test splits for each 
trial ; generate GP models with 
different kernels and record 
performance metrics.

The Mode (best kernel per the log-likelihood 
metric) is then selected out of all trials.



Optimizing the parameters of chosen 
kernel
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We can define a function (based on some performance metric, e.g. log-likelihood):

Then e.g. gradient descent scheme gives:

For this, we have to estimate the gradient. We can also use a gradient free 
scheme (e.g. randomized coordinate descent). At each iteration:

• Pick at random parameter p to optimize (a,b,c, or d).
• Fix other parameters to previously determined values.
• For chosen parameter, loop over range of values, form GP model  
      and evaluate (x).
• Determine value of p that optimizes (x), update parameter value.

Works well, when there are few parameters and the gradient cannot be 
estimated easily to suitable accuracy.



Optimizing the parameters
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R code for 
implementing randomized 
 coordinate descent.

In each iteration, a random 
parameter is optimized.



Combining multiple fidelities
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Instead of running optimization loop for many iterations, what if we run a few times 
with different cost expenditures and combine the results?

Given two models ,  that both estimate the same quantity of interest, the approach [B] 
determines constants  for the linear combination model : . This can then be extended to 
an arbitrary number of models. 

 with:

[B] Thomison, William D., and Douglas L. Allaire. "A Model Reification Approach to Fusing Information from Multifidelity 
Information Sources." In 19th AIAA Non-Deterministic Approaches Conference, p. 1949. 2017.

Both this approach [B] and co-krigging are similar: goal is to reduce the variance of the 
combined estimator.

Rho, the correlation coefficient.



Combining multiple fidelities
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Can calculate correlation coefficient in portions, in terms of the two model means.

The relationship between 
the two means varies 
over the testing interval.

To account for this, rho 
can be calculated locally; 
for extension,  one can 
look at crossing points of 
the mean values of two 
models.



Combining multiple fidelities
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Another approach based on simplified co-krigging:

 

(the information sources are only related to 
the highest fidelity information source  and not 
to each other). GP models built for all 
quantities on the right. 

[C] Ghoreishi, Seyede Fatemeh, and Douglas L. Allaire. "Gaussian process 
regression for Bayesian fusion of multi-fidelity information sources." 
In 2018 Multidisciplinary Analysis and Optimization Conference, p. 4176. 
2018.



Example: y(x) = sin(x)*(1-cos(x) ) + x
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200 training values, 100 testing values
Uniform distribution noise, [-0.12,0.12]

Actual values

High fidelity GP result with kernel / parameter 
optimizer. 

Can we merge two low fidelity approximations and 
obtain something similar?



Two low fidelity models
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Sum variance over 
testing interval



Combining multiple fidelities
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The sum variance 
has been reduced 
for the merged 
model. 
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Another merged example

Reduction in variance shown on the right is of the merged model parameters.
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