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HPC — Homework 2

(A) Recall as before that the gradient of a function g : R™ — R at a point z € R", if exists, is the

unique vector v that satisfies
g(z+d) =g(z) +v"d+o(||d]), VdeR"

Note for example that in three dimensions with & = zi + yj + zl;, one has that Vg(&) =
%% + %3 + %fc. Notice that related to but different from the gradient is the Jacobian of

z

g(Z). It is a matrix given by J;;[g(Z)] = %-
J

We like to copmpute the gradient of the functional:

F(x) = Az = b]|* + Alz|* + Xz La||? (1)

The function is convex and has a unique global minimizer. This minimizer is obtained by
setting VF (z) = 0.

First, notice that for any vector function h(x) and f(z) = ||h()|)3,
we have that V f(z) = 2J[h(z)]T h(x) where J[h(x)] is the Jacobian of the function h(z).

Recall also, that for the linear mapping y(z) = Mz, y; = Yo, Mizg. It follows that
gTy; = M;; from which we deduce that the Jacobian of y is J[y] = M.

Using these results, the following computations immediately follow:

Vllz|l3 = 2
V|Lz|3 =2L" L
V| Az —b||3 = 24T (Az — b)

Computing the gradient of (1),

VF(z) =2AT(Az —b) + 20z + 2L Le =0 = (ATA+ X4+ X\ LTL)z = ATh

(B) The effect of Tikhonov regularization can be easily observed by setting Ao = 0. In that case,
the minimizer satisfies the simple system (AT A + AI)x = ATbh. Plugging in the full SVD of
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A=USVT, we obtain:
v = (VSPVT 4+ A1) VSUTh
(VS2VT 4 avvT) T visUTh
— (V(S*+AD) V) VSUTh
= (V(s2+a1) VT ) VSUTh
= V(S2+AI) " SUTh

— Vdiag (Ufjr A) UTh,

where we have used properties of inverses and orthogonal matrices U and V. Notice that the
generalized inverse solution zge, = ATb is given by:

Tgen = VSTIUTH = leag< )UTb It is thus immediately apparent that the Tikhonov
regularized solution filters the effect of small singular values on the solution (and in particular,
prevents the appearance of large terms in the diagonal matrix which can multiply small errors

in the right hand side vector b).
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